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Nonlinear Thermo-Elastic-Plastic and Creep Analysis by the
Finite-Element Method

P. SHARIFI* AND D. N. YATEst
Lockheed Missiles & Space Company, Inc., Sunnyvale, Calif.

Consistent with a Lagrangian displacement formulation, an incremental constitutive relation for uncoupled thermo-
elastic-plastic and creep deformations is presented. The nonisothermal von Mises yield function and its associated
flow rule are utilized, together with both isotropic and kinematic hardening rules. Steady-state creep deformations
are considered using Norton-Odqvist's power law. This development is particularly applicable to the nonlinear finite
element analysis of three-dimensional structures with time- and temperature-dependent material properties. Using a
nonlinear general-purpose computer program which has been developed on the basis of this formulation, a number
of numerical examples are solved and the results compared with the closed-form solutions.

Introduction

DURING the past two decades, an upsurge of interest has
been generated for the nonlinear analysis of structural

systems. The use of highly deformable structural elements,
introduction of new materials, and their application at severe
thermal and mechanical environments have been the main forces
behind this growing interest.

Closed-form nonlinear solutions of complex structures under-
going large elastic-plastic and creep deformations present a
formidable, if not impossible, task to the analyst. But modern
numerical techniques together with the availability of high-speed
computers have rendered the task a reality. One such method is
the widely used discretization technique of finite elements. This
method has been successfully applied to the solution of linear1

and nonlinear2 problems in structural mechanics.
Herein, in terms of three-dimensional Cartesian tensors, an

incremental displacement formulation is presented for the non-
linear finite element analysis of structural systems undergoing
large elastic, plastic, and creep deformations. Thermal effects and
the variation of material properties as a function of time and
temperature are also included in the derivations. Based on this
formulation, a computer program (NEPSAP) has been developed
which contains three-dimensional solids as well as two-
dimensional bending and membrane elements. This program has
been successfully applied to the nonlinear bending and buckling
problems of complex geometries composed of a combination of
the preceding types of elements.

However, lacking space, the presentation will be limited to the
theoretical foundations of NEPSAP. Derivations of two- and
three-dimensional element matrices used in NEPSAP and the
organization of the program will not be discussed here.

Kinematics
Figure 1 shows the motion of a three-dimensional body in its

path of deformation. Three configurations are shown: C0
(original or underformed configuration), C^ (current deformed
configuration), and C2, a neighboring deformed configuration
with respect to CY In terms of a fixed rectangular coordinate
system, zh z{ = z{ + 1ui, and Z, = z{ + 2ut = z{ + u{ describe the
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positions of a generic material point in C0> C\, and C2, respec-
tively. Here, 1ui, 2u{ are components of total displacement vectors
and HI = 2Ui — lu{ (see Fig. 1). Throughout this work, left super-
scripts 1 and 2, respectively, denote configurations C1 and C2,
and the incremental quantities between Cl and C2 have no left
superscripts. Whenever indicial notations are used, summation
convention applies and the Latin indices have a range of 1-3
while the Greek indices 1 and 2. Using Eagrangian definition, the
strain tensors are given as

aey = i[X; + X' + X/«mJ,« = 1.2 (1)
and

e,j = etj + rjij = % - % (2)
where comma denotes differentiation with respect to the co-
ordinates in C0, i.e. ( )„• = d/dzit and

2eu = Uij (3a)

are, respectively, the linear and nonlinear components of the
incremental strain tensor between Cl and C2.

Incremental Variational Equations
Assuming the current states of stresses and deformations of the

body in Ci (Fig. 1) are known, we seek an incremental varia-
tional expression in terms of the incremental state variables
between C\ and C2. This expression is derived by obtaining the
difference between the virtual work expressions of the body in
Ci and C2, written with respect to the same reference state. Here,

CURRENT DEFORMED 2 CONVECTED
CONFIGURATION C,

DEFORMED
CONFIGURATION C9

UNDEFORMED
CONFIGURATION C

Si

Fig. 1 Configurations of a body (element) in its path of deformation.
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we choose the original configuration of the body as the reference
state. In applying the results to derive the finite element equations,
this choice of reference state eliminates the need to recompute a
number of element matrices involving derivates and to update the
nodal point coordinates as the geometry changes.

Neglecting the effect of body forces, the linearized form of the
required incremental variational expression is given by3

J5 ii dui da = $„ 1 stj drjij dv + $„ Sij de{j dv (4)
where a and v are, respectively, the boundary area and volume
of the body in reference state C0; 1sij and stj are, respectively,
the total and incremental components of Piola-Kirchhoff stress
tensors (in terms of the area and coordinates of the reference
state), and

fi = fi + f m Xm,f f = s,-./nj (5)
where f, are the incremental components of surface traction in
terms of the unit area and coordinates of the reference state, and
rij are components of the unit outward normal to a.

Expression (4) can be used to derive the element force-
displacement relations in a direct incremental approach.
However, the resulting solutions tend to diverge from the exact
results depending on the step size and/or the degree of non-
linearity. One way of improving the quality of convergence is to
add a residual loading term to the left-hand side of Eq. (4). This
residual loading term can be obtained from the virtual work
expression of the body in Ci, i.e.

1RC = $a ltt&utda - J5 \jdetjdv (6)
where 1fI- = 1f i + 1fm

 luitm, and 1l is the traction vector in Cj per
unit area a. Note that in an exact mathematical sense, 1RC = 0;
therefore, its inclusion does not jeopardize the equilibrium
characteristics of expression (4).

Incremental Constitutive Relations
Consistent with the incremental variational expression dis-

cussed in previous section, a nonisothermal elastic-plastic con-
stitutive relation including the creep effects will be derived to
relate the incremental Lagrangian strain tensor &{j to the incre-
mental Piola-Kirchhoff stresses s0. The derivation is based on the
classical work of Green and Adkins,4 Naghdi,5 Prager,6 and
Odqvist.7 In this development, initial isotropy is assumed; and
the elastic and tangent moduli, the yield stresses, and k (a measure
of the size of loading surface) are assumed to be temperature
dependent (see Fig. 2). Also, the material creep properties may
vary as a function of time and temperature.

Assuming small strains, the incremental strain tensor efj- is
decomposed into elastic, ef/, thermal, &J, plastic, ef/, and creep
£tjC, components; i.e.,

These components are defined through their respective con-
stitutive relations as discussed in the following sections.

The Elastic Component
£

i.e.,

where

£,/ is related to the stresses through the elastic material law,4

lg E _ I T T 1 /ox

lHijmn = [(1 +v)/21£](5im^n + Sin5jm> - (v/lE)diJ6mn

is the temperature-dependent elastic compliance tensor in Ci and
dij is the Kronecker delta. By differentiating the above relation,
the following incremental expression is obtained:

^E=ltiijmn(smn-^smn) (9)
where £ = d1E/lE and dlE « 2E—1E is the change in elastic
modulus due to a temperature change between Ci and C2. Here,
it is assumed that for atsmall enough step between Ci and C2,
all the differential increments at Ci can be approximated by their
respective incremental quantities between C± and C2.

The Thermal Component
£ijT is defined as

els
T = *dlsO (10)

where a is the coefficient of thermal expansion, and 9 = 29—l9
is the temperature change between C± and C2.

The Plastic Component
e,-/ is derived using von Mises nonisothermal yield function

and its associated flow rule. Both isotropic and kinematic
hardening laws will be considered.

In the case of isotropic hardening, the loading function is
given by

F = $1ttJ
1tlJ)l'2-k(llp,10) = 0 (11)

wheret F is the loading function and k is a measure of strain
hardening which is a function of temperature and equivalent
plastic strain * ep defined as

f
-

Jo
\ l /2

(12a)

(12b)
The functional form of k = k(lsp, 16) may be obtained through

the experimental data such as shown in Fig. 2c. In Eq. ~(H),
itij = 1$ij — ̂ dijlsmm is the deviatoric stress tensor in C\. Using
the normality condition

where /I is a positive scalar, given by5

A = -\(dF/d lsmn)smn§ -f (dF/d10)ff]/[(dF/dleuP)(dF/d1ski)'] (14)
together with the loading function (11), the incremental plastic
strains are given by8

(15)

where
H' =

(see Fig. 2), p = Et/E, and *& = (?1tij
1tij)112 is the equivalent

stress in Ci.
In the case of kinematic hardening, the loading function is

given by
f = [K'ty - 'a^Cty - 'ay)]1'2-^^) = 0 (16)

( T E M P E R A T U R E ) ( T E M P E R A T U R E )

Fig. 2 Material properties as a function of temperature.

{ Here and for the remainder of this paper the left superscript 1 is
deleted on material constants.

§ Differential increments are approximated by finite increments
between Ci and C2.
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where 1a,-</- is a tensor representing the total translation of the
yield surface in the deviatoric stress space, and it is a measure
of strain hardening, and /c0, which is temperature dependent,
represents the size of the yield function. For a uniaxial state of
stress kQ = G0(19), where a0 is the uniaxial yield stress.

The increments of tensor 1aij between Ci and C2 is defined as

where c is a material constant which through a uniaxial tension
test is given by

The second term on the right-hand side of Eq. (17) is included
to account for a change in material constant c due to a tem-
perature change between Cl and C2.

Noting that dF/d1^ = —dF/dlSij, when plastic flow occurs

which together with Eqs. (13) and (17) gives
'dF_ dF_ _ dF 1 dF

(20)

where the differential increments are approximated by the cor-
responding finite increments between Ct and C2. Using Eq. (16)

dF/d1 smn = (3/2<r0) (* tmn - lamn) (21)
where cr0 is the initial effective yield stress, and

(22)

Noting that

(Fig. 2), and

Eq. (22) can be expressed as
dF/d10 = H'[

Introducing Eqs. (21) and (23) into Eq. (20) and the result
into Eq. (13) gives

where
"}//! 1 / ^ \2

(25a)^ * l PPi = ——0, p? = — —Pl 2<j0 'P2 H'\2ffJ
and

Equation (24) would be equally applicable to the case of
isotropic hardening, Eq. (15), if one considers afj- = 0 and replace
(70 by d.

Loading/Unloading Criteria
Defining

then loading into a plastic state would occur when L > O and
unloading from a plastic state into an elastic state would occur
when L < O. When L = O, a state of neutral loading exists.5
Substituting for the derivatives in Eq. (26)

L = (3/21o-)1t0-s0- + H'<t>0 (27a)
in the case of isotropic hardening and

L = (3/2(70) (1 ttj - 1 ay)s0- + Hr(j)0 (27b)
in the case of kinematic hardening.

The Creep Component

law
is derived using the Norton-Odqvist steady-state creep

•&if = ¥?#*-"% (28)
where the dot denotes differentiation with respect to time, and
*/? and n are the material creep constants— *($ may be time and

temperature dependent. To find the creep strain increment in a
finite time interval At, Eq. (28), is integrated to give

Zif^b^tij+Gij^Snn (29)

where

ijmn = b2Tijmn

T — lt lt1ijmn — Lij Lmn

Lijmn = i(^m^n + Sin&jm) ~ &ij&mn>

and ft denotes an incremental change in creep constant between
Cl and C2 ; i.e., fi=2fi- 1ft. Substituting Eqs. (9, 10, 24, and 29)
in Eq. (7), the following incremental strain-stress relation is
obtained.
By = Rijmnsmn - (,Hijmn

lsmn + (b, + ptftij - p1 ^ij + aOdij (30)
where

Rijmn = Hijmn + Gijmn + P2Bijmn (31)

For a finite element displacement formulation, the inverse of
the previous relation, namely, the stress-strain relation, is
required. For this, first the matrix R in Eq. (31) should be
inverted and then the required stress-strain relation will follow
from Eq. (30). Although the above inversion can be accomplished
through the use of matrix inversion routines, however, for
economical reasons, it is more desirable to have the inverse
readily available in a closed form. With some manipulations, R~ *
has been obtained which can be expressed as

(32)
where

+

is the elastic modulus tensor, \JL — E/[2(l + v)], v is the Poisson's
ratio

and alf a2, a3, a4 are scalars defined as

a2 =

y = 1oLij
1ccij, and

Introducing Eq. (32) into Eq. (30), the required stress-strain
relation is obtained which may be expressed as
sis = Cijkl eu

where

/2 =

ea2 -

- ea4)

-av- ea2

(33)

(34a)

7«3 - oa4 - 1) (34b)
Equation (33) is the stress-strain relation in a nine-dimensional

stress space which includes thermo-elastic-plastic and creep
effects. In the case of plasticity, it is applicable to both kine-
matic and isotropic hardening rules. For the latter, set iciij = 0
and co = y = 0. If any of the above effects are absent, Eq. (33)
may be modified by simply adjusting the coefficients in Eqs.
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Fig. 3 Uniaxial thermo-plastic problem (isotropic hardening).

(32) and (33). For example, in case of no creep, set bl = b2 =
b3 = 0 which gives a± = 0 ; in case of no plasticity, set p = 1, and
(j> = 0 which gives pt = a3 = a4 =/i = 0; and in the case of
thermo-elasticity, set p = 1, $ = bl = b2 = b$ = 0 which results
in av = a2 = a3 = a4 =/i =/2 = 0, and

sis = Eijklskl + C% - [E«0/(l - 2v)]<50- (35)
Equation (33) may also be specialized for any subspace of

the stress space (six space, plane stress, tension, etc.). For example,
in the case of generalized plane stress where si3 = s3l = 0 and
ea3 = 0, Eq. (33) yields

/2 'a,, - [E«0/(l - 2v)]5a/) -
where

and

(36)

(37a)

(37b)

The underlined terms in Eqs. (36) and (33) can be treated as
"initial stresses." In a finite element displacement formulation
they will contribute to the element load vector, while the first
term on the right-hand side will be used to compute the
element stiffness matrix.

Incremental Finite Element Equations
Following the standard finite element formulation procedure,1

Eqs. (3, 4, 6, and 33) (or some special form of it) are used
together with an assumed element expansion to derive the
element equilibrium equations

[Xc + Ko] {«} = {R} (38)
where KG (geometric stiffness matrix) and K0 (ordinary stiffness
matrix) are, respectively, obtained from the first and second
integrals on the right-hand side of Eq. (4); {R} is the element
consistent load vector which includes the contributions due to
mechanical loadings, "initial stresses" and the residual loading,
Eq. (6), and {u} is the element incremental displacement vector.
The equilibrium equations of the discrete model are obtained
by the .direct assembly of the element equations (38). After
imposing the boundary conditions, these equations are solved for
the incremental displacements u(. The incremental strains £tj and
stresses su are then computed using the appropriate element
kinematical and constitutive relations. If applicable, the contribu-

tions of creep and thermal effects to stj are computed using Eqs.
(10) and (29). If plastic flow occurs, i.e., L> O [see Eq. (26)],
the plastic contribution to etj can be computed using Eq. (24).
However, in the case of perfect plasticity, where Et = H' = p = O,
the existing form of Eq. (24) is not admissible (it requires a
division by zero). A more tractable version of this equation for
such cases may be obtained by expressing g f/ in terms of
incremental strains £fj- rather than stresses stj, this is done by
substituting for smn from Eq. (33).

Numerical Examples
On the basis of the previous formulation, a general-purpose

computer program called NEPSAP (Nonlinear Elastic-Plastic
Structural Analysis Program) has been developed for the finite
element analysis of three-dimensional structures. The program
is capable of handling discrete models composed of beams,
plates, shells, membranes, three-dimensional solids or any com-
bination of them. So far NEPSAP has been successfully applied
for the nonlinear bending and buckling analysis of a number of
practical problems at Lockheed. To assess the accuracy and show
some of the capabilities of NEPSAP, the following classical non-
linear problems have been solved and the results are compared
with the analytical solutions available.

Uniaxial Thermo-Elastic-Plastic Problem
Consider an axially loaded bar. The material property of the

bar at different temperatures is shown in Fig. 3. Using one 3-D
element and 20 load increments, the thermo-elastic-plastic
behavior of the bar was investigated. The finite element results,
together with the actual loading path (analytical solution) are
shown in Fig. 3. As shown, a very good correlation between the
two solutions is achieved.

Elastic-Plastic Analysis of a Simply Supported Beam
The beam shown in Fig. 4 has a thickness of h, a width of

unity and a length of 2L. The material of the beam is assumed
elastic, perfectly plastic with an elastic modulus of E and a yield
stress of ay. Under the action of a uniformly distributed lateral
load p, the elastic-plastic behavior of the beam was investigated
and the normalized load-deflection results are shown by the
encircled points in Fig. 4. Also shown is the closed-form solution
of this problem given in Ref. 9. The resulting agreement between
the two solutions is quite satisfactory. For this problem a total of
20 load increments and 52 plane stress (4-node isoparametric)
elements, 4 across the thickness and 13 along the half length, were
used.

Elastic-Plastic Analysis of an Infinitely Long Hollow Cylinder
Consider an infinitely long hollow cylinder with the internal

and external radii of a and b, respectively. The elastic, perfectly
plastic solution of this cylinder with b/a = 2 and subjected to an
internal pressure of p, is presented in Ref. 10. Assuming

i .0
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ELEMENT
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"
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Fig. 4 Load-deflection characteristics of an SS, elastic-plastic beam.
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Fig. 5 Load-deflections of a hollow elastic-plastic cylinder.

E = 8.67 x 106 psi, v = 0.3, ay = 17320 psi, and b = 2a = 2 in, the
problem was analyzed using 10 axisymmetric solid elements (in
radial direction) and 13 load increments. The finite element
results together with the analytical solution10 are shown in Figs.
5 and 6. Figure 5 shows the radial deflection at the outer radius
as a function of internal pressure. As shown, the elastic limit is at
Pi = 7.5 ksi, and at pi = 12.5 ksi, the elastic-plastic boundary
is at a radius of rp -— 1.5a. At this latter load, the distributions
of hoop, (70, and radial, <jr, stresses across the thickness are
shown in Fig. 6. These results indicate a very good correlation
between the finite element solution and that of Ref. 10.

Elastic Large Displacements of an Infinite Plate Strip
This is a classical large displacement problem with a closed-

form solution given in Ref. 11. The plate strip shown in Fig. 7
has a length of L = 10 in, a thickness of h = 0.2 in, and its
dimension normal to the plane of paper is taken as infinity. The
strip is subjected to a uniformly distributed load of p (psi).

I 6.

i 4. -

I 2.

1 0 . -

1 . 0 1 . 2 1 . 4 1 . 6 1 . 8 2 . 0

50

40
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20

10

— NONLINEAR: i i ]
o FINITE ELEMENT

0 0.2 0.4 0.6 0.8 1 . 0
W0 / h

Fig. 7 Load-deflections of an infinite plate strip.

Assuming E = 107 psi and v = 0.25, the large displacement
behavior of the strip was solved and the resulting finite element
solution together with the closed-form solution is shown in Figs.
7 and 8. Figure 7 shows the vertical deflection at the center as a
function of lateral load, and Fig. 8 shows the variations of
maximum in-plane stresses, <JN> and the maximum combined
bending and in-plane stresses (at the center) vs the load. To
obtain the finite element results, 4 isoparametric shell elements
(16 nodes) and 13 load increments were used. With this rather
crude model, the resulting agreement with the closed-form
solution is quite satisfactory.

Elastic Buckling of Composite Panels
The buckling strength of five 10 x 10 in. compression panels

and four 18 x 6 in. shear panels were investigated. The compres-
sion panels are clamped at the loaded edges and clamped or
simply supported at the other two edges. The shear panels are
clamped on all four sides. These panels have a multilayered
composite construction. Each layer is nominally 0.0051 in. thick
and it is made of boron epoxy with the following orthotropic
material properties: £n = 30.9x 106 psi, £22 = 2.5x 106 psi,
Gi2 = 1-0 x 106 psi, and v12 = 0.28. In each panel, the material
axes of the layers are oriented at different angles with respect
to the axis of the load, but symmetrical about the midplane. The
compression panels are composed of twenty layers and the shear
panels sixteen layers.

°MAX
I 0 I 5

( K S I )

Fig. 6 Stresses in a hollow cylinder at F, = 12.5 ksi. Fig. 8 Maximum and in-plane stresses as a function of load.
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Fig. 9 Compression buckling of composite panel no. 1.

To determine the buckling loads of these panels a small lateral
load (of the order of 1/10000 x buckling load) was applied at the
center of each panel to trigger out-of-plane displacements. The
loads were applied incrementally up to the buckling point. The
criterion for buckling was either a sudden jump in the value of
lateral deflection (see Fig. 9), or formation of negative term(s) on
the diagonal of the structural stiffness matrix. Figure 9 shows the
finite element solutions together with the experimental and
theoretical results12 for the compression panel 1. Similar results
for the other panels were obtained. These results are summarized
in Figs. 10 and 11. As shown, a very satisfactory correlation
between the finite element solutions and the experimental and
theoretical results reported in Ref. 12 is achieved. In this study,
the compression and shear panels were, respectively, divided into
12 and 15 plate bending elements with multilayered construction.
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O FINITE ELEMENT

20
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g 5
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c/ss

0 5 10 15 20
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Fig. 10 Compression buckling of composite panels.
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30
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30

Fig. 11 Shear buckling of composite panels.

Conclusions
Increasing use of new materials and applications of the

structural components at severe loading and temperature
environments has brought a greater demand for nonlinear
analytical tools. One such tool, a general-purpose nonlinear finite
element code, could be developed using the formulation
presented. The main feature of this formulation is the develop-
ment of an incremental constitutive relation for three-dimensional
structures undergoing large nonisothermal elastic, plastic, and
creep deformation. In this treatment, thermal effects and varia-
tion of material properties as a function of time and temperature
are included. Using the above derivation together with an
incremental Lagrangian displacement expression, a finite element
computer program (NEPSAP) has been developed which con-
tains different types of elements to handle geometries with a
wide range of complexity. To illustrate some of the capabilities
of this program, a number of test cases are solved and the results
compared with the available closed-form solutions.
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